Abstract-This paper proposes a generalized beamspace modulation using multiplexing (GBMM) scheme for millimeter wave (mmWave) multiple-input multiple-output (MIMO) communications with reduced radio frequency (RF) chains. Besides achieving a multiplexing gain over the selected beamspace set, GBMM additionally makes use of the index of the beamspace set to carry information. In the proposed GBMM, the beamspace sets are non-uniformly activated. We investigate the spectral efficiency (SE) of the proposed GBMM and the SE-oriented beamspace set activation probability optimization as well as the hybrid precoder design. In the hybrid precoder design procedure, we first design the fully-digital precoders and then adopt the optimized fully-digital precoders to design the hybrid precoders. A gradient ascent algorithm is developed to find the optimal fully-digital precoders and precoder activation probabilities. In the high signal-to-noise-ratio (SNR) regime, closed-form solutions of the fully-digital precoders and the precoder activation probabilities are derived. Moreover, we investigate the impact of the hybrid receiver structure on the performance of GBMM, propose a coding method to realize the optimized precoder acti- Index Terms-Millimeter wave MIMO, beamspace modulation, hybrid precoder and combiner, spectral efficiency.
I. INTRODUCTION

M
ILLIMETER wave (mmWave) communication as a promising technology in the fifth-generation (5G) wireless networks has received much attention in recent years [1] . It has a large amount of available spectrum resource, which enables 5G to meet the increasing data traffic demand. However, its coverage distance is severely limited by the severe path loss. Thanks to its small wavelength, it can leverage large-scale antennas at transceivers to provide a considerable beamforming gain to combat the path loss. Besides, large-scale antennas at transceivers can increase spectral efficiency (SE) via spatial multiplexing (SMX) [2] . For an mmWave multiple-input multiple-output (MIMO) system with N t transmit antennas, N r receive antennas and N s data streams to be transmitted via N t RF radio frequency (RF) chains, SMX over the best N s -dimension (N s -dim) beamspace set, referred as the best beamspace selection (BBS) solution, has been regarded as the optimal solution and widely adopted as a benchmark in literature [2] - [4] . The equivalent N s × N r MIMO water-filling (WF-MIMO) channel capacity was treated as an unsurpassed SE upper bound.
Recently, researchers have proposed various SMX transmission schemes to approach the BBS solution and the corresponding performance bound [2] - [4] . In detail, BBS can be easily realized by fully-digital precoders. However, fully-digital precoders require costly RF chains with many signal mixers and analog-to-digital converters equipped comparable in number to the antenna elements [3] . The cost and power consumption make fully-digital precoding infeasible in mmWave MIMO with large-scale antennas. To address the issue, hybrid digital and analog precoders were proposed [2] - [7] . For instance, to minimize the difference between the hybrid precoders and the fully-digital precoder, a spatially sparse precoding scheme was proposed leveraging the sparsity of mmWave channel in [2] . It is based on a fully-connected structure. In [3] , advanced alternating minimization algorithms were developed for the hybrid precoder designs, which achieved almost the same performance as the fully-digital precoder design. By decomposing the hybrid precoding problem into a series of sub-problems, Dai et al. [4] and [5] proposed novel precoding algorithms based on successive interference cancellation (SIC). By trading-off the complexity for the SE, [6] proposed a hybrid precoding design with dynamic partially-connected structure. Although the hybrid precoding with either fully-connected or partially-connected structure can offer lower complexity and cost, it should be noticed that these merits were achieved at the expense of SE [7] . In other words, they are all inferior to BBS in SE. As a result, they all treat BBS as an unsurpassed benchmark. But, is the SE of BBS truly supreme? Inspired by the concept of spatial modulation (SM) and its variants [8] - [11] , we propose a transmission scheme namely generalized beamspace modulation using multiplexing (GBMM) in this paper to challenge BBS in SE and the N s × N r WF-MIMO capacity.
A. Prior Work
SM techniques have recently been introduced to mmWave MIMO systems. Prior work can be classified into two categories based on antenna switch and beamspace switch, respectively.
1) SM Techniques for mmWave MIMO Based on Antenna Switch:
The purest form of SM, namely space shift keying (SSK), was first applied to mmWave communications in [12] . It showed that SSK can be applied to line-of-sight (LOS) mmWave MIMO communications as long as antennas are appropriately placed. In [13] , a receive antenna selection aided SM-MIMO scheme was proposed to reduce the number of the receive RF chains. Quadrature spatial modulation (QSM) is a new SM MIMO technique to enhance the performance of SM while retaining the concept of antenna switching [14] . Capacity analysis for QSM based outdoor mmWave communications was presented in [15] . Moreover, [16] - [19] investigated single-data-stream generalized spatial modulation (GSM) at mmWave frequencies. For more multiplexing gain, [20] proposed multiple-data-stream GSM using multiplexing (GSMM) for mmWave MIMO. For more diversity gain, [21] and [22] proposed multi-set spacetime shift keying (STSK) schemes for broadband mmWave communications and investigated their uncoded and coded error performance. All these works demonstrated that SM techniques based on antenna switch could work effectively in mmWave communications. However, because of the antenna selection, most of the antennas are silent at each transmission slot and this reduces the beamforming gain compared with the schemes that fully utilize all antennas.
2) SM Techniques for mmWave MIMO Based on Beamspace Switch: Unlike above works, SM techniques based on beamspace switch carry spatial domain information via the beamspace set indices [23] - [28] . For instance, [23] proposed a receive spatial modulation (RSM) for LOS mmWave MIMO systems. However, RSM was based on receive antenna selection and could not benefit from the array gain of the receive antennas. Focusing on improving error performance, Lee and Chung [24] proposed a virtual space modulation (VSM) transmission scheme and hybrid precoder designs in mmWave MIMO. A maximum ratio combining (MRC)-based VSM transmission scheme and an analog precoder design were proposed to enhance symbol error rate (SER) performance in [25] . Reference [26] proposed a spatial scattering modulation (SSM) for uplink mmWave communications and studied its bit error rate (BER) performance. Adopting analog beamforming, [27] proposed a low-complexity beam index modulation (BIM) for mmWave MIMO. Analysis showed that the BIM system can achieve higher SE in the high signal-to-noise ratio (SNR) regime. Recently, Gao et al. have extended the concept of BIM to single-data-stream generalized beamspace modulation (GBM) for mmWave MIMO and investigated its error performance [28] . Summarizing all above, it should be noticed that most of these works were done from the error performance perspective and with a single data stream.
In addition, only a few of papers on SM techniques for mmWave MIMO compared their schemes with the benchmark BBS in SE. He et al. [19] and [20] compared the SE of their proposed schemes with that of BBS. However, numerical results showed that their proposed schemes failed to outperform BBS. Ding et al. [27] only showed that their proposed single-data-stream BIM outperformed the conventional beamforming in the high SNR regime. Against the background, we challenge the multi-data-steam BBS solution and the well known N s × N r WF-MIMO capacity in all SNR regime in this paper. The contributions of the paper are summarized as follows.
B. Contributions
• This paper proposes a GBMM scheme for mmWave MIMO. The GBMM scheme not only fully utilizes all antennas for a beamforming gain but also utilizes multiple-dim beamspace set to convey multiple data streams via SMX, as well as the index of beamspace set to carry information, which results into an increase of SE. The increase of SE is achieved without changing the transceiver structure. GBMM outperforms BBS that only relies on SMX over the best beamspace set for data transmission. We prove that the SE of the proposed GBMM outperforms the N s × N r WF-MIMO capacity.
• In most of the literature on SM techniques, uniform antenna/beamspace activation is investigated. Differently, the beamspace sets are non-uniformly activated in the proposed GBMM. We investigate the SE of the proposed GBMM and the SE-oriented beamspace set activation probability optimization as well as the hybrid precoder design. In the hybrid precoder design procedure, we first design the fully-digital precoders and then adopt the optimized fully digital precoders to design the hybrid precoders.
• To maximize the SE lower bound, we formulate an optimization problem finding the optimal precoders and precoder activation probability distribution. To solve the formulated problem, we propose a gradient ascent algorithm applicable in all SNR regimes, but with high computational complexity. To gain more insights and to reduce the complexity, we also investigate a problem to maximize the tight upper bound of SE in the high SNR regime. The optimal precoder design and precoder activation probability distribution are derived in closed-form expressions, which can significantly reduce system implementation complexity.
• We discuss the implementation issues of GBMM. Specifically, the impact of the receiver structure on the SE of GBMM is investigated. A coding approach is proposed to realize the optimized non-uniform precoder activation. The extension of the proposed GBMM to orthogonal frequency division multiplexing (OFDM)-based broadband mmWave MIMO communications is discussed. Results indicate that the proposed GBMM scheme can be directly extended to broadband systems to improve SE. Compared with the conference version [29] , which only introduces the concept of GBMM to the community, this paper includes insightful closed-form solutions of the optimal precoder designs and precoder activation probabilities. The implementation issues are discussed in this paper such as the impact of receiver structure on the performance of the proposed GBMM scheme, the realization of the optimized non-uniform precoder activation and its extension to mmWave broadband communications. In addition, theoretical analysis on the convergence and performance of the proposed algorithms is included in this paper.
C. Organization
The rest of this paper is organized as follows. Section II describes the proposed GBMM and proves its superiority. In Section III, the SE of the proposed GBMM is analyzed and we formulate the SE-oriented beamspace set activation probability optimization and hybrid precoder designs. In Section IV, a gradient ascent algorithm is proposed to find the optimal precoders and precoder activation probabilities and the closed-form solutions are derived in the high SNR regime. Section V discusses the practical limits, implementation issues and the extension. In Section VI, simulation results are illustrated to validate all analysis. Section VII concludes the whole paper.
D. Notation
We use the following notations throughout the paper. A denotes a matrix. a represents a vector. a stands for a scaler. A is a set. A H denotes the conjugate transpose of A. det(A), rank(A) and Tr (A) represent the determinate, the rank and trace of matrix A, receptively. |A| represents the size of set A. A F denotes the Frobenius norm of matrix A. a 0 and a 2 denote the l 0 and l 2 norms of vector a, respectively. diag (A) represents a vector formed by the diagonal elements of matrix A. diag (a) stands for a diagonal matrix with diagonal elements being a. log and ln represent the logarithm functions of base 2 and e, respectively. j stands for the imaginary unit. I(·, ·) represents the mutual information function. Fig. 1 , where N t and N r represent the numbers of transmit antennas and receive antennas, respectively. H ∈ C Nr×Nt is used to denote the channel matrix, which is perfectly known by the transceivers. m denotes the rank of H indicating the number of available parallel channels. Let x ∈ C Nt×1 represent the transmitted signal vector and the received signal vector y ∈ C Nr×1 can be expressed as
where √ ρ represents the average receive SNR and n ∈ C
Nr×1
represents the noise vector with zero mean and unit variance, i.e., n ∼ CN (0 Nr , I Nr ). s ∈ C Ns×1 is used to represent the data symbol vector transmitted relying on the RF chains, where N s represents the number of data streams. It is assumed that [3] is adopted in this paper, which is expressed as
where N cl represents the number of scattering clusters; N ray denotes the number of propagation paths; αĩl is the channel of thel-th ray in theĩ-th propagation cluster; φ represent the azimuth and elevation angles of departure (AoDs), respectively. It is assumed that {αĩl} are independent and identically distributed (i.i.d.) random variables that follow the complex Gaussain distribution
= β which is the normalization factor to satisfy E H 2 F = N t N r . In this paper, an
N uniform square planar array (USPA) is considered, whose array response vector corresponding to thel-th ray in theĩ-th cluster writes
whereγ andd represent the signal wavelength and the antenna spacing, respectively. In (3), 0 ≤ n 1 < √ N and 0 ≤ n 2 < √ N stand for the antenna indices in the two-dimensional (2D) plane.
A. Conventional Transmission Solution and Upper Bound
Conventionally, a fixed precoder F of dimension N t × N s is used to fit the transmission over H with F 2 F = N s . With F, the transmit vector x can be expressed as x = Fs. The SE can be characterized by the mutual information as
R(H, F) = I(x; y) = I(s; y)
To maximize the SE, F is designed by solving
The BBS solution 
As is well known, the mutual information I(s; y) ≤ C 
B. The Proposed Transmission Solution and Its Superiority
The real mutual information limit in (4) should be
2 )=Ns
I(s; y) + I(F; y|s)
≥ max
The exact solution to the problem is still unknown. But, it implies that we can additionally transmit information by making use of F to improve the SE. Inspired by the concept of SM, we propose to use a general discrete distribution of F to enhance the SE as
where F denotes the set of candidate precoders. (8) means that a precoder F i ∈ F is activated with probability
As to the transmit data symbol vector s, we assume that it follows an i.i.d. complex Gaussian distribution independent of F with zero mean and normalized power, i.e., s ∼ CN (0 Ns ,
T and using R(p, F ) to represent the SE achieved by f F (F) and the complex Gaussian distributed data input s, we have the following theorem:
Theorem 1:
Proof: To prove, a set F that ensures the inequality is first proposed. Specifically, F i ∈ F is designed as
where V ∈ C Nt×m represents the matrix composed of the right singular vectors of H that correspond to all sorted non-zero singular values; E i ∈ C m×Ns is a selection matrix to choose N s right-singular vectors from all feasible m ones. It is composed of a combination of N s base vectors. For instance,
where e i ∈ C m×1 is the i-th m-dim base vector with all zeros expect the i-th entry being 1. D i stands for the power allocation matrix and we have Ns×Nr is achieved by a specific realization of F and p, it is concluded that systems with globally optimized F and p achieve a larger SE than or the equal SE to C WF Ns×Nr . Remark: Based on above analysis in this section, we remark that one can improve the SE of (N t , N r , N t RF , m) mmWave MIMO systems by additionally employing precoder (i.e., beamspace set) indices to carry information. As the beamspace set indices are adopted as an additional modulation domain and multiple data streams are transmitted via SMX, we name the transmission solution as GBMM. In addition, x 0 = F i s 0 = N t in the proposed GBMM scheme, indicating that all antennas are activated in each time slot. Compared with GSMM [20] based on antenna selection, GBMM benefits from the beamforming gain by using all antennas. Compared with the singular value decomposition (SVD) precoding in [30] , GBMM considers the multiplexing over the selected beamspace set and power allocation among multiple data streams. The approach is attractive, because the increase of SE is achieved without changing the transceiver structure. Besides, most reported SM techniques and their various variants for all MIMO systems can be treated as specific realizations of F with
III. SE ANALYSIS AND PROBLEM FORMALIZATION
A. SE Analysis
We define two sets (10), the variable set F in R(p, F ) can be replaced by D, because E is known. According to the similar analysis in [31] , the SE R(p, D) can be derived as (12) where
and
The exact SE has more theoretical significance than practical significance since it involves the integration of a complicated function thus not offering clear insights into the system performance. To gain insights and to provide practical system design guidelines, the following upper bound and lower bound of SE are used:
and lower bounded by where
The upper bound is tight in the high SNR regime and the lower bound adding a constant gap N r (log e − 1) is tight in the low and high SNR regime.
Proof: The proof of the lower and upper bounds is available in [31] and [32] . The tightness of the lower bound adding the constant in the low and high SNR regime is proved in [20] and [33] . The tightness of the upper bound in the high SNR regime is proved in [33] . To avoid repetition, we omit them for brevity.
Observation: To validate Proposition 1, we illustrate the SE and SE bounds of GBMM in Fig. 2 where Fig. 2 , the upper bound is tight in high SNR regime and the lower bound adding the constant gap N r (log e − 1) is tight in the low and high SNR regime.
B. Problem Formulation
We aim to maximize the SE, which is a maximization problem. For the sake of low complexity, the lower bound in (18) can be adopted as the objective function. As stated in Proposition 1, the lower bound adding a constant gap N r (log e − 1) provides a tight approximation of SE, which means that the optimization of the SE lower bound is equivalent to optimizing the exact SE in the low and high SNR regime. The optimization problem is hence formulated as
The optimized p and D yielded by solving (P1) are applicable in all SNR regimes. However, since the expression of SE lower bound in (18) is still too complicated, it is difficult to obtain a closed-form solution. To solve (P1), we have to resort to a numerical optimization approach, which renders too much complexity. To gain insights and to reduce the implementation complexity, the maximization of the upper bound in (17) is also investigated in this paper, because the upper bound is tight in the high SNR regime and given by a simpler expression. The corresponding optimization problem is formulated as
Using the optimized D, we can directly construct F based on (10). The costly fully-digital transmitter structure is required to implement the F i in F . To reduce the implementation cost and complexity, the next step is to design hybrid digital and analog precoders by solving (P3) : min
where Since the hybrid precoder design problem (i.e., (P3)) has been well investigated in literature and existing low-complexity algorithms in [2] - [6] can be directly adopted to solve (P3), thus in the following of this paper, we pay more attention on the first step, i.e., solving problems (P1) and (P2) for fully-digital precoder design and precoder activation probability optimization.
IV. TRANSMITTER OPTIMIZATION
In this section, we find the optimal precoder activation probability distribution p and power allocation matrix set D (equivalent to designing F ) to maximize the SE bounds.
A. SE Lower Bound Optimization
We define
. Based on these definitions, the problem (P1) becomes
To release the non-negative constraints p 0 |F | and λ 0 |F |Ns in (P1a), we adopt a barrier method with the barrier function defined as [20] 
Then, (P1a) can be rewritten as
where t B is a factor to scale the barrier function's penalty 2 and the objection function f (p, λ) is given by
The gradient of f (p, λ) with respect to p is derived to be
where
The gradient of f (p, λ) with respect to λ can be expressed as
To meet the equality constraints 1
|F |×1 and perform the following projections 
10: Output the optimized p * and use λ * to obtain D * and F * .
to ensure
Based on these gradients and projections, we develop a gradient ascent algorithm to maximize the SE lower bound as listed in Algorithm 1.
Complexity and Converge Analysis: The complexity of Algorithm 1 is dominated by the calculation of the gradients in (26) and (29) . In each iteration, the calculation of the gradient with respect to p needs |F | 3 calculations of matrix determinant of size N r × N r . The calculation of the gradient with respect to λ requires |F | 3 calculations of matrix determinant, matrix inversion, and matrix multiplication of size N r × N r . Thus, the overall complexity is around O(|F | 3 N 3 r ). The complexity is a heavy burden for systems with large-scale antennas. The algorithm converges because the value of the objective function increases in each iteration and it is upper bounded. 
Gradient Modification to Avoid Convergence to Local Optimums at the Boundary:
If there is more than one entry approaching zeros in the optimal p * or λ * , the algorithm may converge to a local optimum at the boundary, because the searching steps η 1 and η 2 in Algorithm 1 are small if some entries of p and λ approach zero in the searching procedure.
To avoid this, we introduce a small threshold τ . If any entries are smaller than τ , the projected gradients to them are forced to be zeros. To ensure (36) and (37), the projection of gradients should be modified. Specifically, taking the optimization of p as an example, the projected gradient vector is modified to be
where K + and K − denote the index sets that p K+ τ 1 |K+| and p K− ≺ τ 1 |K−| , respectively; P K+ ∈ R |K+|×|K+| represents a sub-matrix of P with row and column index sets being K + . In this way, not only can Algorithm 1 approach the global optimum, 4 but also greatly reduce the computational complexity, because we do not need to compute
Similarly, such a technique can be adopted in the optimization of λ. The performance and convergence of Algorithm 1 with/without the gradient modification are investigated in Section VI-A.
B. SE Upper Bound Optimization
Theorem 2: For a fixed D, the optimal activation probability distribution in the high SNR regime is
where c i log det Σ i is the capacity of the N s × N r MIMO channel when F i is activated. Proof: Lagrange function of the problem (P2) can be formulated as
Taking the partial derivation of the Lagrange function in (42) with respect to p i , we deduce a set of equations as [35] 
based on which and the constraint (41) is derived. Lemma 1: Using a fixed p for transmission, the optimal power for the j-th data stream when F i is activated in the high SNR regime is obtained as
and ξ i is obtained by solving
where b i denotes the total power when F i is activated.
Proof: To prove, we also use the same definitions of γ ij and λ as in Section IV-A. Additionally, we use
T to denote the N s singular values selected from all m ones of H by using the selection matrix E i . Based on the definitions, R U (λ) can be expressed as
Lagrange function can be formulated to be
Taking the partial derivation of the Lagrange function in (48) with respect to γ ij , we obtain a set of equations as
Solving the equations and
Ns j=1 p i γ ij = N s , we can obtain the optimized power allocation in Lemma 1.
Remark: The optimal precoder activation probability distribution p and power allocation matrix D (i.e. equivalent to designing F ) are derived by fixing either one in the high SNR regime. It can be used to verify whether the numerical approach Algorithm 1 is able to obtain an optimal solution in the high SNR regime. We note that the optimal power allocation in Lemma 1 is the famous water-filling power allocation when {b i }, i = 1, 2, · · · , |F | are fixed. Next, we need to find the optimal b
In the high SNR regime, the optimal solution of
Proof: For the equivalent MIMO channel when F i is activated, its capacity in the high SNR regime can be expressed as [36] 
where g i is a constant related to the channel gains. Therefore, the optimization problem of finding b so as to maximize
Lagrange function of the problem in (51) is formulated as
Taking the partial derivation of the Lagrange function in (52) with respect to b i , a set of equations are obtained as
based on which and the constraint
Based on Lemma 1 and Lemma 2, one can easily derive the following theorem:
Theorem 3: The optimal power allocation is independent of the activation probability distribution p in the high SNR regime, which can be expressed as
Proof: The optimal power allocation is straightforward to be derived by substituting
Based on Theorem 2 and Theorem 3, we can obtain the optimal solution to (P2) as listed in Algorithm 2.
Complexity Analysis: The complexity of Algorithm 2 is dominated by the complexity of the water-filling power allocation for |F |N s parallel channels and the computation of c i , i = 1, 2, · · · , |F |. Among them, the complexity of power allocation for |F |N s parallel channels is O(|F |N s ) by using the linear-complexity water-filling algorithm [37] . The computation of c 
3: Output the optimized p , λ , D and F . 
V. DISCUSSION AND EXTENSION
A. Practical Limit and Implementation Challenges
The SE of the proposed GBMM scheme is greatly affected by the receiver structure. To investigate the impact, a receiver with N r RF RF chains as depicted in Fig. 3 is considered in this paper. We remark as follows. . This is reasonable because as more information is conveyed by the precoder index over N s independent data streams, a higher degree is required.
In this paper, we adopt W =Ũ, whereŨ is an N r ×m matrix composed of them left-singular vectors ofH that correspond to the largestm singular values. Based on the optimal receiver, the digital combiner W BB ∈ C min
The problem (P4) is similar to (P3). Both of them can be solved by existing algorithms developed in [2] - [6] . To implement GBMM, it mainly faces two challenges. The first one is the heavy computational complexity in solving problems (P1)-(P4). For instance, for the hybrid precoder design in (P3), we have to run existing algorithms in [2] - [6] for |F | times. Therefore, more efficient lower-complexity algorithms dedicated to the hybrid precoder designs of GBMM are still in demand. It is possible because F i ∈ F are related to each other. The other way to reduce the complexity is by reducing the size of the set F . This can be done by forcing the activation probability under a threshold to be zero. For instance, if we want |F | ≤ 10, we can set activation probability below 0.1 to be 0. The second implementation challenge faced with is the switching speed of precoders. The switch operation has to be done in a symbol duration. Therefore, the switching speed of precoders, especially the analog precoders using phase shifters, is a key factor that determines the data rate of GBMM. Wang and Zhang [25] have researched the switching speed of analog phase shifters. Specifically, [38] compared four kinds of phase shifters including semiconductor, ferroelectric, ferrite, and micro-electromechanical systems (MEMS), which showed that the switching speed of semiconductor and ferroelectric is in order of the nanosecond. Reference [39] introduced a novel low-cost phase shifters, whose switching speed is in the range of tens of nanoseconds. Thanks to these high switching-speed phase shifters, it is feasible to implement high-rate GBMM.
B. A Coding Approach to Realize the Optimized Precoder Activation
Most of SM techniques consider uniform antenna/precoder activation by using uniformly distributed information bits to activate the antenna directly. It should be noted that even with such kind of approach, the index activation probability distribution can be designed as non-uniform as shown in literature [40] - [43] . In this paper, we propose a general coding approach to approximately realize the optimized precoder activation probability distribution p. In the approach, the information of amount H(p) is coded with more bits. It is assumed that the number of coded bits is n b . The n bbit codewords are divided into |F | groups with group index mapping to the precoder index. The ratio of group sizes over 2 n b is set to be approximately equal to the distribution p. In this way, the information of amount H(p) can be conveyed in a codeword. We remark that the proposed coding approach plays the same role as the joint source and channel coding. The coding rate can be expressed as r b = H(p)/n b . To demonstrate more details, an example is given as follows. Supposing the feasible precoder set has 3 precoders, we assume the optimized activation probabilities of the precoders are {0.15, 0.31, 0.54}. The information to be carried is H(p) ≈ 1.41 (bits/symbol). To realize the optimized precoder activation, we encode the information source that has entropy 1.41 (bits/symbol) into 10-bit codewords. There are 2 10 = 1024 codewords, and {154, 317, 553} codewords are then separately mapped to the activation of {F 1 , F 2 , F 3 }. During the transmission, when a 10-bit codeword is transmitted, the transmitter activates the corresponding precoder according to the codeword-to-precoder-index mapper. The receiver firstly detects the precoder index and then performs demapping. The demapped codeword can be any one of the codewords corresponding to the detected precoder index, because all of the codewords corresponding to the same precoder index carry the same information of 1.41 (bits/symbol). In this way, the optimized precoder activation is realized to convey around 1.41 (bits/symbol) information.
C. Extension to Broadband mmWave Communications
The paper is considered in the narrow band to gain insights regarding SE. With OFDM, the proposed GBMM scheme can be directly extended to broadband systems. In detail, the received signal of the frequency domain can be expressed as
wherek represents the sub-carrier index andK is the number of carriers. In this paper, we characterize the mmWave wideband channel by using Saleh-Valenzuela model. Specifically, H[k] denoting the frequency domain channel matrix of thẽ k-th (k = 0, 1, · · · ,K − 1) sub-carrier is given by [3] The fully-digital precoder design and precoder activation probability distribution can be optimized as same as that in the narrow band except that either (P1) or (P2) should be solved forK times. As the transmissions over all sub-carriers rely on the same analog precoders, the hybrid precoder design problems become (P5) :
The algorithms for solving (P5) can also be found in rich literature such as [2] , [3] and [44] .
VI. SIMULATION AND ANALYSIS
In this section, we show the effectiveness as well as the convergence of Algorithm 1 and numerically evaluate the SE performance of the proposed GBMM. It is assumed that both transmitter and receiver are equipped with USPA. Specifically, three MIMO setups are considered: N t = 100, N r = 36; N t = 16, N r = 36; N t = 36, N r = 49. The channels are set as N cl = 4 clusters, N ray = 2 and the average power of each clusters, σ 2 αĩ = 1. The azimuth and elevation AoAs and AoDs follow the Laplacian distribution, which have uniformly distributed mean angles over [0, 2π) and 10 degrees angular spread as that in [3] . The minimum antenna spacing in the USPA is a half wavelength. Despite this specific channel model is used in simulations, it should be noted that the proposed designs are applicable to more general models. In all simulations, the halting criterion is set to be 10 −3 , the gradient modification threshold τ is 2 × 10 −3 , and the barrier penalty factor t B is 10 5 .
A. Effectiveness and Convergence of Algorithm 1
Firstly, to show the effectiveness as well as the convergence of Algorithm 1, we evaluate the performance of p (k) and λ (k) of the iteration k at a high SNR of 15 dB. Instead
) adding a constant N r (log e − 1), because these values provide a tight approximation of the exact SE. In the simulation, a channel realization is adopted and N s = 3. For comparison, we also demonstrate the optimal solution given by Algorithm 2 and C
W F
Ns×Nr (achieved by BBS with water-filling power allocation) under the same channel realization. Results demonstrate that without modifying the gradients, the original Algorithm 1 converges fast but at a local optimum at the boundary. 5 The reason has been discussed in Section IV-A. With gradient modification described in Section IV-A, the issue can be well addressed, and the algorithm finally approach the global optimum given by Algorithm 2. Comparison with C
W F Ns×Nr
shows that GBMM outperforms C W F Ns×Nr more than 1 bit/s/Hz under the given channel realization.
B. SE Evaluation of the Proposed GBMM With Fully-Digital Transmitters
Secondly, we investigate the SE of the proposed GBMM scheme with different optimized fully-digital precoder sets F and precoder activation probability distributions p with N s = 2 as illustrated in Fig. 5 . Specifically, three transmission solutions are considered. The first one is with the optimized F * and p * obtained from Algorithm 1 to maximize the SE lower bound. The second one is with the optimized F and p obtained from Algorithm 2 to maximize the SE upper bound. The third one with the optimized F and the uniform distribution p (0) , which is widely adopted in [23] , [24] , and [26] . For comparison, C W F Ns×Nr is also included. All simulation results are averaged over 100 channel realizations.
Results in Fig. 5 show that the numerical optimization method proposed in this paper (i.e., Algorithm 1) can approach the closed-form optimal solution (i.e., Algorithm 2) in the high SNR regime for all channel realizations. System with (p * , F * ) obtained from Algorithm 1 achieves the optimal SE performance and is superior to C W F Ns×Nr over all depicted SNR regime and considerably outperforms C W F Ns×Nr by more than 1 bit/s/Hz in the high SNR regime. However, the complexity burden to get the solution is huge as discussed in Section IV-A. System with (p , F ) adopting Algorithm 2 achieves the highest SE performance in the high SNR regime and also considerably outperforms C W F Ns×Nr by more than 1 bit/s/Hz in the high SNR regime. It is slightly worse than the solution offered by Algorithm 1 and C W F Ns×Nr in the low SNR regime. As this solution is obtained with much lower complexity than Algorithm 1, it is more suitable for practical implementations. Using the conventional SM concept with uniform activation probability distribution p (0) , the SE is much lower than the proposed GBMM solution with optimized p * or p , which indicates the significance of precoder activation probability distribution in the optimization. Additionally, 5 It has been checked that the obtained solution by the original Algorithm 1 without gradient modification has only one near-zero entry, while the obtained solution by Algorithm 1 with gradient modification has multiple near-zero entries. Both solutions are located at the boundary since p 0 |F | and λ 0 |F |Ns . conventional SM with uniform activation achieves the lowest SE and can not outperform C W F Ns×Nr , because its large activation probability of low-capacity channels degrades the overall SE. However, in our design, the high-capacity channels are activated with large probabilities, and the low-capacity channels are activated with small probabilities as specified in Theorem 2. C W F Ns×Nr achieves the highest SE in the low SNR regime, but it is no longer the highest in medium and high regime because BBS activates the channel with the highest capacity with probability 1 and the amount of information carried on precoder index is, therefore, 0.
C. SE Evaluation of the Proposed GBMM With Hybrid Precoders and Hybrid Transceivers
Thirdly, we investigate the hybrid precoder designs with either fully-connected structure or partially-connected structure as illustrated in Fig. 6 . Existing algorithms are used to solve (P3). Specifically, we use the orthogonal matching pursuit-based algorithm (OMP) [2] and the manifold optimization-based algorithm (MO) [3] for fully-connected hybrid precoder designs. For partially-connected hybrid precoder designs, we adopt the semidefinite relaxation based algorithm (SDR) [3] and the successive interference cancellation-based algorithm (SIC) [4] . In the simulations, N t RF = N s = 2 and all simulation results are averaged over 100 channel realizations. For comparison, GBMM and BBS with fully-digital precoder designs are also included as benchmarks. Results in Fig. 6 demonstrate that GBMM with fully-connected hybrid precoders has a small performance degradation compared with GBMM adopting the fully-digital precoders and outperforms BBS employing a fully-digital precoder. GBMM with partially-connected hybrid precoders causes a great SE loss. Specifically, GBMM with SDR-based partially-connected hybrid precoders and that with SIC-based partially-connected hybrid precoders achieve around 1.8 bits/s/Hz and 3.8 bits/s/Hz less than GBMM with fully-digital precoders, respectively.
Taking the impact of the hybrid receiver structure into consideration, we also investigate the performance of GBMM with the hybrid transceiver designs. The simulation results are as illustrated in Fig. 7 . All simulation results are averaged over 100 channel realizations. In the simulations, N r RF = 4, N t RF = N s = 2. We utilize them singular vectors that correspond the largestm singular values to obtainṼ and designF * and p * by using Algorithm 1. We solve (P3) by using OMP [2] and MO [3] for fully-connected hybrid precoder designs. Moreover, we use SDR [3] and SIC [4] for partially-connected hybrid precoder designs. All systems employ the same fully-connected hybrid combiner obtained by OMP [2] . For comparison, we include GBMM and BBS with fully-digital transceivers as benchmarks. It is shown in Fig. 7 that the hybrid receiver structure further degrades the SE as expected. Specifically, employing hybrid receiver structure, GBMM schemes with MO-based and OMP-based fully-connected precoders exhibit around 1.7 bits/s/Hz less than GBMM employing fully-digital transceivers. GBMM schemes with SDR-based or SIC-based partially-connected precoders show around 4 bits/s/Hz and 4.6 bits/s/Hz less than GBMM employing fully-digital transceivers, respectively. Moreover, comparison results demonstrate that the proposed GBMM with fully-connected hybrid transceivers can achieve almost the same SE as BBS using fully-digital transceivers.
D. SE Evaluation of the Proposed GBMM in mmWave MIMO-OFDM Systems
Lastly, we investigate the extension to mmWave MIMO-OFDM systems as illustrated in Fig. 8 . Considering the Algorithm 1 is of much higher complexity and prohibitive if the number of carriers is large, we use Algorithm 2 to get the optimal fully-digital precoders and precoder activation probability distribution. Similarly, OMP [2] is adopted to solve the problem (P5) for full-connected hybrid precoder designs, and all simulation results are averaged over 100 channel realizations. In the simulations, N t RF = N s = 2 and the number of carriersK = 128. BBS with digital precoder and that with fully-connected hybrid precoders for each carrier are included as benchmarks. Results show that the proposed GBMM scheme can be directly extended to broadband systems to improve SE.
VII. CONCLUSIONS
In this paper, we proposed a GBMM transmission solution for mmWave MIMO communications based on the concept of SM. GBMM uses precoder design to offer beamforming gain and beamspace set indices to carry information which improves SE. Both analytical and simulation results showed that GBMM outperforms the well recognized "best" BBS solution in mmWave MIMO systems. Based on the derived theoretical SE, a gradient ascent algorithm was developed. With the proposed algorithm, the optimal precoders and precoder activation probabilities could be obtained. Simulation results validated its effectiveness and efficiency. Moreover, closed-form solutions of the optimal precoders and precoder activation probabilities were derived in the high SNR regime, which could greatly reduce the system implementation complexity. Moreover, we discussed the impact of hybrid transceiver structure on SE and the extension to mmWave MIMO-OFDM systems. Results showed that the proposed GBMM with existing hybrid transceiver designs can achieve better performance than that of BBS and can also be extended to broadband systems to improve SE. APPENDIX A PROOF OF THE CONVERGENCE OF ALGORITHM 1
